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Current-induced spin torque and magnetization dynamics in the presence of spin Hall effect in magnetic
textures is studied theoretically. The local deviation of the charge current gives rise to a current-induced spin
torque of the form (1 − βM) × [(u0 + αHu0 ×M) ·∇]M, where u0 is the direction of the injected current,
αH is the Hall angle and β is the non-adiabaticity parameter due to spin relaxation. Since αH and β can
have a comparable order of magnitude, we show that this torque can significantly modify the current-induced
dynamics of both transverse and vortex walls.
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The study of the interplay between magnetization dy-
namics and spin-polarized currents through Spin Transfer
Torque1–5 (STT) has culminated with the observation of
current-induced domain wall motion and vortex oscilla-
tions, revealing tremendously rich physics and dynami-
cal behaviors6–8. The precise nature of STT in domain
walls is currently the object of numerous investigations
both experimentally and theoretically. One of the im-
portant issues is the actual magnitude of the so-called
non-adiabatic component of the spin torque β6–9.
In addition, the nature of spin torque in the presence of
spin-orbit coupling (SOC) has been recently uncovered.
Although SOC has been long known to generate magneti-
zation damping and spin relaxation, recent studies have
suggested that specific forms of structure-induced spin-
orbit coupling could act as a source for the spin torque10.
However, in the case of impurity-induced SOC, incoher-
ent scattering averages out the spin accumulation so that
no SOC-induced spin torque can be generated in homoge-
neous ferromagnets11. Nevertheless, SOC-induced asym-
metric spin scattering by impurities in ferromagnetic ma-
terials generates Anomalous Hall Effect (AHE), creating
a charge current transverse to both the injected electron
direction and the local magnetization12. Interestingly the
Hall angle αH , defined as the amount of deviated charge
current, can be as large as a few percent in thin films12,
which is on the same order of magnitude as the non-
adiabatic coefficient β6–8. Therefore, it seems reasonable
to wonder whether anomalous charge currents could have
a sizable effect on domain wall velocities.
In this letter we study the influence of such a transverse
charge current on current-induced domain wall motion.
We show that this AHE-induced charge current gener-
ates an additional torque component, proportional to the
Hall angle, along the direction perpendicular to both the
charge injection direction u0 and to the local magneti-
zation M (∝ αH [(u0 ×M) ·∇]M). The current-driven
magnetization dynamics in transverse and vortex walls is
analyzed using Thiele formalism.
The mechanisms underlying AHE have been studied
experimentally and theoretically for more than 60 years
(see Ref. 12 for a comprehensive review). For the trans-
port regime we are interested in (good metal regime,
with a conductivity ≈ 104−106Ω−1cm−1), the transport
is dominated by scattering-independent mechanisms, i.e.
intrinsic/side-jump contributions12. Disregarding the ef-
fect of band structure-induced SOC, we will treat the
spin transport within the first order Born approxima-
tion, only accounting for the anomalous velocity arising
from side-jump scattering13,14.
We adopt the conventional s-d Hamiltonian, where the
electrons responsible for the magnetization and the ones
responsible for the current are treated separately and
coupled through an exchange constant J . We also take
into account an impurity potential Vimp and its corre-
sponding spin-orbit coupling acting on the itinerant elec-
trons. The one-electron Hamiltonian reads
Hˆ =
pˆ2
2m
+ Jσˆ ·M+
ξ
m
(σˆ ×∇Vimp) · pˆ+ Vimp, (1)
In Eq. (1), the hatˆdenotes an operator while the bold
character indicates a vector. σˆ is the vector of Pauli
spin matrices, ξ is the spin-orbit strength (as an estima-
tion, ξ ≈ 10−17 − 10−19s) and Vimp = Vimp(rˆ) is the
impurity potential which is spin-dependent (2 × 2 ma-
trix) in principle. The magnetization direction M(r, t) =
(sin θ cosφ, sin θ sinφ, cos θ) varies slowly in time and
space, so that the itinerant electron spins closely follow
the magnetization direction (adiabatic approximation).
In this picture, the velocity operator is14
vˆ = −i
h¯
m
∇+
ξ
m
σˆ ×∇Vimp. (2)
The expectation value of the velocity in the presence
of spin-orbit coupling has been worked out by several
authors13,14 and can be written
〈vˆ〉 =
1
ih¯
〈[ˆr, H ]〉 ≈ v + ξTˆv × σˆ, (3)
1
Tˆ = Στ Iˆ +∆τ σˆ ·M. (4)
Here, Στ = 1/τ
↑ + 1/τ↓, ∆τ = 1/τ
↑ − 1/τ↓, τσ being
the spin-dependent electron momentum relaxation time.
The form of the anomalous velocity displayed in Eq. (3)
is the extension of the anomalous velocity derived in Ref.
13 to non-collinear magnetic textures.
The description of diffusive non-collinear spin trans-
port in ferromagnets has been intensively addressed over
the past ten years15–17 using different approaches. As an
example, for slowly varying magnetization in the presence
of anomalous velocity, Eq. (2), the relaxation time ap-
proximation of the Boltzmann formalism yields a spinor
current of the form15
J = Cˆ(Eˆ−∇µˆ(r)) + CˆH(Eˆ−∇µˆ(r)) ×M, (5)
where Cˆ = 12C0(Iˆ + PM ·σ) is the normal conductance,
CˆH =
1
2CH0(Iˆ+PHM ·σ) is the anomalous conductance
and µˆ(r) is the local spin-dependent electro-chemical po-
tential. E is the electric field and P (PH) is the polariza-
tion of the (anomalous) conductivity. This form is very
similar to the one derived by Zhang13, extended to non
collinear magnetization situations. The charge and spin
currents are calculated using the spinor definition
Je = Tr[J Iˆ], Js = −
µB
e
T r[J σˆ]. (6)
In addition, the spin density continuity equation can
be extracted from Eq. (1) using Ehrenfest’s theorem and
in the lowest order in SOC
∂tm = −∇ · Js −
1
τJ
δm×M−
δm
τsf
, (7)
Where m = n0M + δm (n0 is the equilibrium itinerant
spin density) and the spin current is defined as: Js =
〈〈σˆ⊗ vˆ+ vˆ⊗ σˆ〉〉k, vˆ being the velocity operator defined
in Eq. (2). The inner brackets 〈...〉 denote quantum
mechanical averaging and the outer brackets 〈...〉k refer
to k-state average,⊗ being the direct product. By simply
injecting the spin current Eq. (6) into Eq. (7), we obtain
the explicit spin continuity equation
∂tm =
µB
e
[(PC0E+ PHCH0E×M) ·∇]M
−
1
τJ
δm×M−
δm
τsf
. (8)
To obtain a tractable form of the spin torque, we as-
sume P ≈ PH and αH = CH0/C0. After manipulating
Eq. (8) (see Ref. 2), the spin torque T = 1
τJ
δm ×M in
adiabatic approximation reads
T = (1− βM×) [−n0∂tM+ bJ [u ·∇]M] , (9)
where bJ = µBPC0E/e, u = u0 + αHu0 × M, u0 =
C0E/|C0E| being the injected current direction. One
recognizes the renormalization torque (∝ ∂tM), the
usual adiabatic and non-adiabatic spin torque2,3 (∝ bJ
and βbJ) and the AHE-induced torques (∝ αHbJ and
∝ βαHbJ). Note that recently, Shibata and Kohno have
derived a similar form for the spin torque in magnetic
texture in the case of skew scattering18. In the case of
slowly varying magnetic texture (∂tM → 0), the spin
torque becomes
T = bJ(1 − βM×)[(u0 + αHu0 ×M) ·∇]M. (10)
To extract the dynamics induced by these additional
terms, we analyze the current-driven domain wall motion
using Thiele free energy formalism19 for rigid domain wall
motion (∂tM = (−v ·∇)M). Thiele’s dynamic equation
yields
∫
dV
[
F+G× (v + bJu) +D · (αv + βbJu)
]
= 0(11)
F =∇W, G = −
Ms
γ
(∇θ ×∇φ) sin θ,
Dij = −
Ms
γ
(∇iφ∇jφ sin
2 θ +∇iθ∇jθ).
Here, F refers to the external force, G the gyrocou-
pling vector and the D the dissipation dyadic exerted
on the domain wall. The magnetic energy is W =
A
Ms
(∇M)2+ K
Ms
(M×x)2+Kd
Ms
(M×z)2−H·M, where A is
the ferromagnetic exchange, Ms the saturation magneti-
zation, K (Kd) is the anisotropy (demagnetizing) energy
and H is the external field.
Let us first consider a magnetic wire along x contain-
ing an out-of-plane transverse wall defined by θ(x) =
2 arctan e
sx
∆ , φ = φ(t) (s = ±1). The external force re-
duces to F = 2sHzMs/∆z, while the gyrocoupling force
vanishes (∇φ = 0). The final velocity is then:
v =
1
α
(sγHzMs − bJ(βux − αH
pi
4
uz sinφ)). (12)
Interestingly, the AHE-induced spin torque only acts on
the domain wall when injecting the current perpendicu-
lar to the magnetic wire (ux = 0, uz = 1). Still, in this
latter case, the velocity depends on sinφ which is in prin-
ciple time dependent. This quantity can be determined
through the Landau-Lifshitz-Gilbert equation:
∂tφ = γHz +
s
∆
(β − α)bJ
pi
4
αHuz sinφ (13)
−γαHK cosφ sinφ.
Above Walker breakdown (∂tφ 6= 0, 〈sinφ〉t = 0), the
velocity, Eq. (12), does not show any dependence on the
perpendicular current. On the other hand, below Walker
breakdown (∂tφ = 0) Eq. (13) provides an implicit
expression for the angle φ. In the absence of external
field (Hz = 0)and in the presence of in-plane anisotropy
(HK 6= 0), φ ≈ 0 and the velocity is directly proportional
to the Hall angle: v ≈ αH
α
pi
4 bJ . Since αH can be as large
as a few percent12, the expected velocity is similar to the
once driven by the non-adiabatic spin torque when the
current is injected along the structure (ux = 1, uz = 0).
2
In the absence of in-plane anisotropy field (HK = 0),
the domain wall velocity becomes independent of the cur-
rent density and reduces to v = s
α
γ∆Hz
α−2β
α−β
. This in-
dicates that the anomalous current only distorts the do-
main wall structure, without inducing any displacement.
In contrast with transverse walls, vortex walls present
a 2-dimensional texture that couples longitudinal and
transverse current-induced velocities20,21. The vortex
wall is located at the center of a magnetic layer and in
the vortex region, the angles are:
θr2<r2
0
= 2s tan−1
r
r0
, θR2>r2>r2
0
= pi/2, (14)
sinφr2<R2 = c
x
r
, cosφr2<R2 = −c
y
r
, (15)
where r = xex+yey, c (s) is the chirality (polarity) of the
vortex. In principle, the vortex extends up to a radius R,
beyond which the domain wall can be modeled as trans-
verse walls. In the presence case, we do not consider the
action of these outer transverse walls and concentrate on
the vortex wall core dynamics. From Thiele free energy,
Eq. (11), we get the coupled equations for longitudinal
and transverse velocities:
αCvx − vy = −[βC +
αH
2
]bJux, (16)
vx + αCvy = −[1− β
αH
2
D]bJux, (17)
where C = 1+ 12 ln ρ, D = 1+ln
2ρ
1+ρ2 and ρ = R/r0. This
yields the velocities21:
vx = −
1 + αβC2 + αH2 (αC − βD)
1 + α2C2
bJux, (18)
vy =
(β − α)C + αH2 (1 + αβCD)
1 + α2C2
bJux. (19)
It clearly appears that AHE significantly influences the
motion of a vortex core by enhancing the transverse ve-
locity vy. As an illustration, Fig. 1(a) displays the
current-induced polar angle of the core, θ = tan−1 vy/vx,
as a function of ρ, for different values of the Hall an-
gle αH . It indicates that the presence of AHE clearly
enhances the polar angle by several degrees.
Whereas the polar angle is linear as a function of non-
adiabaticity [Fig. 1(b)], the influence of AHE-induced
torque can be quite significant, especially in the case of
sharp vortex core (see Fig. 1(b), inset). These results
show that AHE can contribute to more than half of the
transverse velocity in the case of current-driven vortex
wall motion.
In conclusion, we showed that in the presence of SOC,
the spin transfer torque exerted on magnetic textures has
the general form (1 − βM)× [(u0 + αHu0 ×M) ·∇]M.
Whereas the additional AHE-induced torque can induce
domain wall motion when injecting the current perpen-
dicular to a transverse wall, it can also significantly affect
the velocity of vortex cores by increasing the transverse
velocity.
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FIG. 1. (Color online) (a) Polar angle as a function of ρ for
αH = 0, 0.01, 0.02, 0.05; (b) Polar angle as a function of non-
adiabaticity β/α for αH = 0, 0.01, 0.02, 0.05. Inset: ∆θ =
θ(αH = 5%) − θ(0) as a function of non-adiabaticity for ρ =
5, 10, 30, 60.
REFERENCES
1J. C. Slonczewski, J. Magn. Magn. Mater. 159, L1 (1996);
L. Berger, Phys. Rev. B 54 9353, (1996).
2S. Zhang and Z. Li, Phys. Rev. Lett. 93, 127204 (2004).
3A. Thiaville, Y. Nakatani, J. Miltat, and Y. Suzuki, Euro-
phys. Lett. 69, 990 (2005).
4S. E. Barnes and S. Maekawa, Phys. Rev. Lett. 95, 107204
(2005).
5G. Tatara, H. Kohno, J. Shibata, Y. Lemaho, and K.-J. Lee,
Journal of the Physical Society of Japan 76, 054707 (2007).
6C. Burrowes, A. P. Mihai, D. Ravelosona, J.-V. Kim, C.
Chappert, L. Vila, A. Marty, Y. Samson, F. Garcia-Sanchez,
L. D. Buda-Prejbeanu, I. Tudosa, E. E. Fullerton and J.-P.
Attan, Nat. Phys. 6, 17 (2010).
7M. Eltschka, M. Wotzel, J. Rhensius, S. Krzyk, U. Nowak,
M. Klaui, T. Kasama, R. E. Dunin-Borkowski, L. J. Hey-
derman, H. J. van Driel and R. A. Duine, Phys. Rrev. Lett.
105, 056601 (2010).
8L. Heyne, J. Rhensius, D. Ilgaz, A. Bisig, U. Rudiger, M.
Klaui, L. Joly, F. Nolting, L. J. Heyderman, J. U. Thiele,
and F. Kronast, Phys. Rev. Lett. 105, 187203 (2010).
9S.-M. Seo, K.-J. Lee, H. Yang, and T. Ono, Phys. Rev. Lett.
102, 147202 (2009).
10A. Manchon and S. Zhang, Phys. Rev. B 78, 212405 (2008);
K. Obata and G. Tatara, Phys. Rev. B 77, 214429 (2008).
11A. Manchon and S. Zhang, Phys. Rev. B 79, 094422 (2009).
12N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, and N.
P. Ong, Rev. Mod. Phys. 82, 1539 (2010).
13S. Zhang, Phys. Rev. Lett. 85, 393 (2000).
14S. K. Lyo and T. Holstein, Phys. Rev. Lett. 29, 423 (1972).
15S. Zhang, P. M. Levy and A. Fert, Phys. Rev. Lett. 88,
236601 (2002).
16J. Barnas, A. Fert, M. Gmitra, I. Weymann, and V. K.
Dugaev, Phys. Rev. B 72, 024426 (2005);
17A. Brataas, Yu.V. Nazarov, and G.E.W. Bauer, Phys. Rev.
Lett. 84, 2481 (2000); Eur. Phys. J. B 22, 99 (2001).
18J. Shibata and H. Kohno, J. Phys.: Conf. Ser. 200, 062026
(2010).
19A. A. Thiele, Phys. Rev. Lett. 30, 230 (1973).
20J. He, Z. Li, and S. Zhang, Phys. Rev. B 73, 184408 (2006).
21J.-H. Moon, D.-H. Kim, M. H. Jung and K.-J. Lee, Phys.
Rev. B 79, 134410 (2009).
3
